Abstract: In this paper we explain how an arithmetical invariant for Gcover -we call the base invariant -provides a stratification of Hurwitz moduli spaces of G-covers of the projective line by closed subvarieties. This stratification geometrically encodes arithmetical properties of Hurwitz spaces.
Preliminaries
Let S be a connected scheme. An S-curve of genus g is a smooth, proper, geometrically connected S-scheme of dimension 1 whose geometric fibers have genus g.
Given a finite group G of order prime to the characteristics of S, an S-G-curve with group G is a pair (X, α), where X is an S-curve and α : G → Aut S (X) is a group monomorphism. Two S-G-curves (X i , α i ), i = 1, 2 with the same group G are S-G-isomorphic if there exists an S-scheme isomorphism u : X 1 → X 2 such that uα 1 (g)u −1 = α 2 (g), g ∈ G. An S-G-cover with group G is a pair (f : X → Y, α), where f : X → Y is a Galois cover of S-curves (that is a finite flat surjective morphism with generically separable geometric fibers over S such that Aut Y (X) acts transitively on the fibers) and α : G→Aut Y (X) is a group isomorphism. Two S-G-covers (X i → Y, α i ), i = 1, 2 of a given S-curve Y → S with the same group G are S-G-isomorphic if there exists a Y -scheme isomorphism u : X 1 → X 2 such that uα 1 (g)u −1 = α 2 (g), g ∈ G. Two S-Gcovers (X i → Y i , α i ), i = 1, 2 with the same group G are weakly S-G-isomorphic if there exists an S-scheme isomorphism v : Y 1 → Y 2 such that the S-G-covers (v • f 1 : X 1 → Y 2 , α 1 ) and (f 2 : X 2 → Y 2 , α 2 ) are S-G-isomorphic. The groupoid of S-G-curves with group G and S-G-isomorphisms is then equivalent to the groupoid of S-G-covers with group G and weak S-G-isomorphisms. In the following, we will drop the α in our notation though it remains part of the data. In particular, the set of G-covers X → P 1 S of the projective line over S with group G can be equipped with two structures of groupoids: the G-structure, where isomorphisms are S-G-isomorphisms and the G/PGL 2 -structure, where isomorphisms are weak S-G-isomorphisms.
Given a field k, we will write Γ k for its absolute Galois group and we will always assume that a compatible system (ζ n ) n≥1 of primitive roots of unity is given in the algebraic closure k of k (that is, ζ n nm = ζ m , n, m ≥ 1). Let k be an algebraically closed field of characteristic not dividing |G| and let Y → k be a k-curve. Then two classical invariants can be associated to a G-cover f : X → Y defined over k with group G: the ramification divisor t ⊂ Y and the inertia canonical invariant C = (C t ) t∈t .
1
Writing C(G) for the set of all conjugacy classes of G and C(G) * for the set of all nontrivial conjugacy classes of G, the inertia canonical invariant C of a G-cover f with group G can be regarded as an element of the submonoid R * + (G) := N (C(G) * ) of the free abelian monoid R + (G) := N (C(G)) of all maps n : C(G) → N. More explicitly, C = (C t ) t∈t is identified with C∈C(G) n(C)C, where n(C) is the number of t ∈ t with C t = C. The monoid R + (G) can be endowed with a degree epimorphism deg : R + (G) N sending C = C∈C(G) n(C)C to C∈C(G) n(C). Hence, when C is the inertia canonical invariant of a G-cover f , deg(C) is just the degree r of the ramification divisor t of f . For the general theory of G-covers over arbitrary schemes, we refer to [1, §3] . In particular, given a connected Z[
1 |G| ]-scheme S, the inertia canonical 1 Recall that C = (Ct)t∈t is defined as follows. For each t ∈ t, choose a place Pt in k(X) above t and let IP t be the corresponding inertia group, which is cyclic of order et. Any uniformizing parameter u of Pt induces a well-defined (independent of the uniformizing parameter u) group monomorphism φP t :
modPt. The element ωP t := α(φ −1 P t (ζe t )) ∈ G is called the distinguished generator of IP t . The set of all ωP t for places Pt above t is a full conjugacy class Ct in G. In [1, §2.2.1] an equivalent definition of the inertia canonical invariant is given in terms of "holonomy".
invariant C s of the geometric fiber of an S-G-cover f : X → Y does not depend (up to Γ Q -conjugate) on the geometric point s ∈ S. Hence, we denote it by C and call it the inertia canonical invariant of f : X → Y .
Given a finite group G, an integer r ≥ 3 and a degree r element C ∈ R * + (G), we will denote the groupoids of G-covers and G/PGL 2 -covers of the projective line over S with group G and inertia canonical invariant C by H G (C)(S) and H G/PGL 2 (C)(S) respectively. Given furthermore an integer g ≥ 0, we will denote the groupoid of genus g S-G-curves with group G whose resulting G-cover has inertia canonical invariant C by H g,G,C (S). S → H G (C)(S) and S → H g,G,C (S) are Deligne-Mumford stacks over Z C [
1 |G| ] and their coarse moduli spaces are schemes that we will denote by H G (C) and H g,G,C respectively. (See [16] and [1] for more details). Here, Z C is the ring of integers of a certain number field Q C . (See section 2.1 for the definition of Q C ). On the other hand, S → H G/PGL 2 (C)(S) defines a prestack but not a stack (since descent data are not effective in general) but its associated stack is H g(C),G,C . (See section 2.1 for the definition of g(C)).
In section 2.2, we show that the quotient of H G (C) under the natural action of PGL 2 exists over Q C and yields a coarse moduli scheme H G/PGL 2 (C) for the prestack H G/PGL 2 (C) over Q C ; we denote the quotient morphism by π : H G (C) → H G/PGL 2 (C). We also explain that H g(C),G,C is, as well, a coarse moduli scheme for the prestack H G/PGL 2 (C) over Z C [
1 |G| ] (hence we will denote it by H G/PGL 2 (C)). The aim of this paper is to give a stratification of (the generic fiber of) these moduli schemes by closed modular subvarieties.
Fix a field k of characteristic 0. Given a G-cover f : X → P 1 k define the base group E f of f to be the stabilizer of the G-isomorphism class of f under PGL 2 2 and the base invariant of f to be the conjugacy class E f of E f in PGL 2 ; the latter is an invariant of the G/PGL 2 -isomorphism class of f . Note that E f stabilizes the ramification divisor t of f and hence, provided r := deg(t) ≥ 3, it is contained in the permutation group S(t). In particular, for a given r ≥ 3, there are only finitely many possible values for the base invariant. This results from the following classification result for finite subgroups of PGL 2 (k) [14] , which asserts in particular that, for a given r ≥ 3, there are only finitely many conjugacy classes of finite subgroups of PGL 2 (k) contained in a copy of the symmetric group S r . 2 Note that, by definition, the centralizer of G in Aut(X) is then an extension of E f by the center Z(G) of G and that E f acts trivially on Z(G). 
, r = 0, ..., n − 1 , where ζ n is a primitive nth root of unity, n ≥ 2;
, where
and ζ is a primitive 5th root of unity.
One can define a partial order ⊂ on conjugacy classes of finite subgroups of 
In [3] , constructing a cohomological obstruction for the lifting of k-rational points from H G/PGL 2 (C) to H G (C), one shows that, for any nontrivial conjugacy class E, there exists an integer 1 ≤ d(E) ≤ 6 depending only on E and not on r such that the image of the natural map
corresponding to G-covers f with base invariant E f ⊃ E have particularly "good" arithmetical properties. They actually are geometrical objects, as follows. 
that is, this inverse image coincides with the underlying set of a closed subvariety H G (C, ⊃ E) of H G (C) × Q C Q. Indeed, the fact that this subvariety is defined over Q C results from (i) H G (C) is defined over Q C , (ii) for any p ∈ H G (C)(Q) corresponding to the G-isomorphism class of a G-cover f , σ p corresponds to the G-isomorphism class of the G-cover σ f , σ ∈ Γ Q C and (iii) for any G-cover f over Q, 
In particular, it can be equipped with a unique structure of reduced closed subvariety of
Proof. As the quotient morphism π :
and hence, by the same argument as for theorem 1.2, H G/PGL 2 (C, ⊃ E) can be equipped with a unique structure of reduced closed subvariety of H G/PGL 2 (C) defined over Q C . Theorem 1.2 thus provides a stratification of Hurwitz spaces by closed subvarieties which encodes arithmetical properties of the morphism π.
We present two approaches to theorem 1.2. The first approach (section 3) relies on results from Mumford's geometric invariant theory and uses that H G/PGL 2 (C) is the universal geometric quotient of H G (C) under PGL 2 . The second approach (section 4) exploits the functorial properties of the Hurwitz schemes H G/PGL 2 (C) constructed in [1] . This second approach is more explicit and, in particular, it provides a natural method to describe the geometrically irreducible components of our strata (section 4.2.3) and to search for Q-rational points on H G (C) (section 5). Remark 1.4. Theorem 1.2 and corollary 1.3 could be extended to base fields k of positive characteristic p > 0 provided p divides neither |G| nor the (common) order |E| of E ∈ E (take for instance p |G|r!): under these assumptions, our proofs work without any change. However, for primes p > 0 which do not divide |G| but may divide |E|, our proofs would not work, at least as they are. More specifically, a key theorem 3.3 of our first approach fails in general. (If A := PGL 2 and a :
is not closed in A.) Also, our second approach no longer works as it is since it resorts to coarse moduli schemes associated with groups of order |G||E|. Anyway, to avoid technical details, we only deal with the case of characteristic 0.
A description of H g(C),G,C
Let S be a scheme and X → (Sch/S) a category fibered in groupoids over the category (Sch/S) of S-schemes (which we will shorten by "an S-groupoid"). Any S-scheme X → S is naturally identified with an S-groupoid by considering (Sch/X) → (Sch/S). A coarse moduli scheme for X → (Sch/S) is an S-scheme X → S together with an S-groupoid morphism F : X → X such that (i) for any geometric point k → S, F (k) : X (k) → X(k) induces a bijection between the isomorphism classes of objects in X (k) and X(k) (which we will shorten by "is a bijection") and (ii) for any S-scheme X → S and any S-groupoid morphism F : X → X , there exists a unique morphism φ :
Note that a coarse moduli scheme -when it exists -is unique (by condition (ii)) and, also, that from the definition of an S-groupoid morphism, for any
Notation for Hurwitz spaces. Fix a finite group G and an element
Given a conjugacy class C of G we denote by o(C) the common order of the elements in C. With this notation, we associate to C the corresponding genus g(C) defined by the Riemann-Hurwitz formula
We retain the notation H G (C), H G/PGL 2 (C) and H g,G,C of section 1. Also, for an integer r ≥ 0 (resp. integers g, r ≥ 0 with 2 − 2g − r < 0), we denote by U r (resp. M g, [r] ) the Z-stack of projective lines (resp. genus g curves) with r unordered marked points (or, more precisely, relativelyétale divisors of degree r) and by U r (resp. M g, [r] ) its coarse moduli scheme. (Thus, U r = U r , i.e., U r is representable.) Set r = deg(C). Then there are natural prestack morphisms
is an algebraic stack proper, quasi-finite andétale over U r ; it admits a coarse moduli scheme [a] is finite (representable) and unramified whereas the natural extended morphism [r] is proper, quasi-finite and flat (but representable if and only if either G has trivial center or H g,G,C = ∅); at the level of coarse moduli spaces, the latter is finite and surjective. We will only consider the coarse moduli scheme [a] , which is crucial in our second approach. See the proof of lemma 4.3.
A description of H
,G,C is a coarse moduli scheme for H G/PGL 2 (C); condition (i) is straightforward and condition (ii) results from the universal property of the stack associated to a prestack.
Let
]-group scheme PGL 2 acts naturally on H G (C) * (by translation on the left). By condition (ii) of the definition of coarse moduli scheme, this action induces an algebraic action defined over
We explain below that the
Let k be a field of characteristic 0 and let A be a connected reductive k-group acting on an affine k-scheme of finite type X via σ : A × k X → X. Consider the following cartesian square
→ X called the stabilizer group scheme. Also, given a (k-rational) geometric point x ∈ X, the orbit of x is the subset We deduce from lemma 2.1 that there exists a universal geometric quotient π :
Proof. When G has trivial center, this is straightforward since H G (C) = H G (C). Else, it formally results from condition (ii) of the definition of coarse moduli scheme. Indeed, consider the following commutative diagram, which sums up the situation and where the first row has to be considered as restricted to the category of Q C -schemes.
(2)
From condition (ii) of the definition of a coarse moduli scheme applied to H g(C),G,C , there exists a unique morphism α :
(C) making the last square commute. Also, the same condition applied to H G (C) yields a unique morphism β :
This morphism, in turn, factors through c and condition (ii) of the definition of a coarse moduli scheme
Then, invoking one more time condition (ii) of the definition of a coarse moduli scheme, one gets α • γ = Id and γ • α = Id.
In the following, we will no longer distinguish between H gen G/PGL 2 (C) and the generic fiber of H G/PGL 2 (C), both of which we will denote by H G/PGL 2 (C).
First approach
We retain the notation of section 2.2.
Lemma 3.1. Assume that A acts on X with finite stabilizers, then the map
Proof. Since σ is closed (see the proof of Lemma 2.1) and π is affine, the properness of Φ follows from [11, Prop. 0.8 ]. The unramifiedness of Φ follows from the fact that, for each geometric point (x, y) of X × k X, the fiber of Φ at (x, y) is either empty or an S x -torsor, where S x is the fiber at x of the stabilizer group scheme S → X. (Note that any finite group scheme over a field of characteristic 0 isétale.) Proof. By lemma 3.1 applied to A m acting on X m by the direct product action induced by σ : A × k X → X, the set Φ (C(a 1 , ..., a m 
is closed in X, which yields the announced conclusion.
Combined with the following result from the theory of algebraic groups, corollary 3.2 yields theorem 1.2. E is finite, the A-orbit C(a 1 , ..., a m ) is closed in A m . Proof. This is a special case of [12, Th. 2.16].
However, it is possible to prove theorem 1.2 in most cases without resorting to theorem 3.3. This relies on a group-theoretic lemma and a semi-continuity argument combined with the elementary case of theorem 1.2 for cyclic groups proved in example 3.4. The rest of this section is devoted to this elementary (partial) proof of theorem 1.2.
Example 3.4. Consider A :=PGL 2 . Then, as A is separated, the set A n := {a ∈ A | a n = 1 A } is closed for any integer n ≥ 1. Furthermore, there are exactly φ(n)/2 conjugacy classes of order n elements in PGL 2 (k), namely the ones of Given a finite group E denote by I(E) n ≥ 0 the number of elements with order exactly n in E and set I(E) = (I(E) n ) n≥1 . For any two sequences of integers 
.).
Also observe that I(C n ) 2 ≤ 1, n ≥ 2 and I(D 2n ) 3 ≤ 2, n ≥ 2. We now fix E 1 and consider what the condition I(E 1 ) ≤ I(E 2 ) imposes on E 2 .
-If I(C n ) ≤ I(E) then, in particular, 1 ≤ I(C n ) n ≤ I(E) n that is E contains at least one element of order n thus C n → E. n is a (disjoint) union of C(a l n ) for l ∈ (Z/n) × / ± 1.) As a result, the morphism
is a finite morphism by lemma 3.1. In particular, by [7, II, ex. 5.8] the map
is upper semi-continuous. Observe that, for each geometric point ω of X × k X, we have I n (ω) = |Ψ −1 n (ω)|, since Ψ n is unramified by lemma 3.1. So, given any sequence of positive integers I = (I n ) n≥1 the set
X|k (L(I)) = {x ∈ X | I(S x ) ≥ I}. Corollary 3.6 now results from lemma 3.5 and lemma 1.1. . Remark 3.7. The above arguments also work with X → k standing for U r × Q Q. In particular, if we denote by U r (⊃ E) the subset of all points of U r corresponding to r-tuples t whose stabilizer contains a representative of E, then we have also proved: Let E be a conjugacy class of finite subgroups in PGL 2 (Q) then the set U r (⊃ E) is closed in U r . In particular, it can be equipped with a unique structure of reduced closed subvariety of U r defined over Q.
Second approach

Preliminary remarks.
The second approach interprets the base locus H G (C, ⊃ E) as the last element of a series of inverse and direct images of morphisms between moduli schemes. In the following, given an extension of finite groups 1 → K → F p → Q → 1, we will say that Q acts trivially on K if there exists a set-theoretic section s : Q → F of p such that s(q)ks(q) −1 = k, q ∈ Q, k ∈ K. This is equivalent to requiring that the canonical representation Q → Out(K) be trivial. To explain our second approach, start with a G-cover f : X → P 1 with group G and with a nontrivial base group E and consider the resulting cover
Fixing an isomorphism i : P 1 /E P 1 we obtain a cover i •f : X → P 1 which, by definition of the base group, is a G-cover with group, say,Ẽ. We can make the following three remarks:
(1) The groupẼ is an extension 1 → G →Ẽ p → E → 1 where E acts trivially on G. Indeed, by definition of the base group, any e ∈ E admits a lift to Aut(X) which is compatible with Aut(f )
In the following, we will denote by E(E, G) the set of all group extensions 1 → G →Ẽ p → E → 1 with E acting trivially on G. This set is always non-empty since it contains the direct product E = G × E. Hence, by classical group cohomology, there is a canonical bijection (E(E, G)/ )→H 2 (E, Z(G)) sending the direct product G × E to the trivial class in H 2 (E, Z(G)). In particular, when Z(G) is trivial, the only possible extension isẼ = G × E.
(2) The cover i • Π : P 1 → P 1 is ramified over two or three points. Indeed, first, recall that there is no nontrivial cover of P 1 with 0 or 1 ramification point (and by assumption, E is nontrivial). Also, i • Π is a G-cover with group E. Thus, if e 1 , ..., e s denote the list of the ramification indices > 1, the Riemann-Hurwitz formula becomes
This implies s < 4.
(3) If we assume furthermore that f : X → P 1 is ramified over r ≥ 3 points then X has genus ≥ 1. Else,Ẽ would necessarily be one of the groups listed in lemma 1.1. In particular, the extension 1 → G →Ẽ p → E → 1 would be one of the following
Then, recalling that E acts trivially on G, the only remaining cases are 1 →
In particular, they all correspond to a cyclic group G. But, by the Riemann-Hurwitz formula, a nontrivial cyclic G-cover f : P 1 → P 1 ramifies above exactly two points, which contradicts r ≥ 3.
Also, i•f is only defined after fixing an isomorphism i : P 1 /E P 1 but, for two such choices i 1 , i 2 , the resulting covers i 1 •f , i 2 •f are G/PGL 2 -isomorphic and, thus, the G/PGL 2 -isomorphism class of i •f no longer depends on i; we denote it byf . Similarly, we denote by Π the G/PGL 2 -isomorphism class of i • Π. The idea is to reverse this construction and recover f from Π andf .
4.2.
Second proof of theorem 1.2.
4.2.1.
Notation. First, we introduce some notations. We write R + (G) R *
Then any group epimorphism p :Ẽ E defines a morphism of monoids µ : R + (Ẽ) → R + (E), sendingC ∈ C(Ẽ) to p(C) ∈ C(E). Geometrically, if f : X → P 1 is a G-cover with groupẼ and inertia canonical invariantC then µ * (C) := µ(C) * is the inertia canonical invariant of the G-cover X/G → P 1 with group E.
Similarly, any group monomorphism i : G →Ẽ defines a morphism of monoids ν : R + (Ẽ) → R + (G) as follows. Consider the canonical map C G : G → C(G),
Geometrically, iff : X → P 1 is a G-cover with groupẼ and inertia canonical invariantC then ν * (C) := ν(C) * is the inertia canonical invariant of the G-cover X → X/G with group G. Note that for an extension of finite groups 1 → G i →Ẽ p → E → 1 where E acts trivially on G and for anyC ∈ C(Ẽ), the set {g o(p(C)) | g ∈C} generates exactly one conjugacy class in G; we denote it bỹ
Second proof of theorem 1.2. From now on, let 1 →
an extension of finite groups where E acts trivially on G.
where the last inequality is implied by g(µ * (C)) = 0. Now, fix an integer r ≥ 3, a finite nontrivial subgroup E of PGL 2 (Q) and a degree r element C ∈ R *
Note that, by point (3) above, the defining conditions r ≥ 3, 
Geometrically, ν corresponds to sending the G/PGL 2 -isomorphism class of a Gcoverf : X → P 1 with groupẼ to the G/PGL 2 -isomorphism class of the Gcover f : X → X/G with group G. The defining condition g(µ * (C)) = 0 in H 0 G/PGL 2 (C, E) ensures that X/G is isomorphic to P 1 .
Remark 4.2.
There is no canonical choice for the isomorphism X/G P 1 but the G/PGL 2 -isomorphism class of f is well and canonically defined fromf . In other words, we have a diagram
where E) . However, the lifting ν 0 of ν does not exist, a priori.
As a result, we obtain a diagram of morphisms
Furthermore, we have
Proof. Given a finite group G, an integer r ≥ 3 and a degree r element C ∈ R * [a] the morphism corresponding to the stack morphism Φ sending a G-cover f : X → Y to the curve X with the reduced ramification divisor. (Observe that the degree of this divisor is a.) Then, since φ is separated (as both H g,G,C and M g, [a] are separated), it is enough to prove that [a] is proper. This, in turn, amounts to showing the valuative criterion of properness [8, Rem. 7.5.2] for the corresponding stack morphism Ψ :
So let R be a discrete valuation ring 6 Indeed, this follows from the fact in general algebraic stack theory [5] that the natural morphism from a Deligne-Mumford stack to its coarse space is dominant and proper, together with the fact that ψ is separated. (See [7, II, Ex. 4.4] .) with field of fractions K and consider any commutative diagram
in which X R is a proper smooth curve of genus g over R and is equipped with a relativelyétale divisor D R of degree a, such that D K isẼ-stable. Then we have to show that the action ofẼ on (X K , D K ) extends uniquely to (X R , D R ) and that the resulting monomorphism α : Now, fix a finite group G, an integer r ≥ 3 and a degree r element C ∈ R * + (G). Then, for any nontrivial conjugacy class E and any representative E of E, by construction, we have The aim of this section is to describe the geometrically irreducible components of H G/PGL 2 (C, ⊃ E) for finite groups G with trivial center, where E is the conjugacy class of E = C n (n ≥ 6), D 2n (2|n, n ≥ 6), S 4 , A 5 . It will appear in the course of the proof (lemma 4.7) why our method does not seem to work for other groups E.
More precisely, since G has trivial center, it follows from remark (1) of section 4.1 that the only possible extensions 1
+ (E) for the corresponding morphisms of monoids defined in section 4.2.1. Similarly,
for the corresponding morphisms of monoids.
To proceed, set
Then we have two natural homomorphisms
whereβ denotes the automorphism thatβ induces on the quotient E = (G × E)/(G × {1}), or, equivalently,β is characterized by: Note that a and b induce an isomorphism Out(E) Out
Out(E) := Aut(E)/Inn(E) and Out (by pulling-back) . Moreover, compatibly with this action, Aut G (G × E) also acts naturally on
Lemma 4.5. The actions of Aut G (G×E) on X (C, E) and on , j i ) ) with group G. We have to show that, for E as in proposition 4.6, (
, or, equivalently, a weak G-isomorphism:
Eventually, write Π i : X i → B i for the G-cover corresponding to the G-curve (X i , i i ) with group E. The following commutative diagram sums up the notation we will use:X
Note that X i B i P 1 k , i = 1, 2. Before going on, we need to introduce one more notion. We say that a finite subgroup E of PGL 2 (k) has property ( * ) if there is no finite subgroup E of PGL 2 (k) which contains two distinct subgroups isomorphic to E (or, equivalently, two distinct conjugates of E). We leave it as an easy exercise to the reader to check the following: Lemma 4.7. Let E be a nontrivial finite subgroup of PGL 2 (k). Then E has property ( * ) if and only if it is of the form C n , n ≥ 6, D 2n , 2|n, n ≥ 6, S 4 , A 5 .
From now on, we assume that E is a group of the form of those listed in lemma 4.7. Let E i ⊂ Aut(X i ) denote the base group of f i , i = 1, 2. Then, on the one hand, i i (E) ⊂ E i , i = 1, 2, and, on the other hand,
Hence, according to property ( * ), we get vi 1 (E)v −1 = i 2 (E). It follows from this last equality that the isomorphism v : X 1 → X 2 induces a unique isomorphism b : B 1 → B 2 that makes the following diagram commutative:
Now, the whole diagram becomesX
Here, note that (ṽ, b) does not necessarily give a weak G-isomorphism betweeñ
To adjust this, note that we have two isomorphisms j 2 , j 2 :
. This completes the proof of the first assertion. Next, the identification
just follows from elementary theory of group action. Eventually, we shall analyze the group Out
, which must be realized as the inertia canonical invariant of a G-cover Π : X → B with group E and with X B P 1 k . Now, the Riemann-Hurwitz formula gives the possible ramification indices of Π and the possible values for the inertia canonical invariant Γ of Π. With the notation of [4] , we have:
(For the sake of completeness, we have included all the possible groups in lemma 1.1, not only the ones appearing in proposition 4.6.) A straightforward computation [13, Chap. 7] shows that the tuples in table 3 are all "rigid", that is, given such E, Γ = (Γ 1 , . . . , Γ s ) (s := deg(Γ)), and a ramification divisor t = t 1 + · · · + t s ⊂ B ( P 1 k ) (ordered) of degree s, there is a unique G-isomorphism class of G-cover X → B with group E, ramification divisor t and inertia canonical invariant Γ (with Γ i corresponding to
Now, take anyβ such thatβ * (C) =C and set β :=β ∈ Aut(E). Then we have β * (Γ) = Γ. This, together with the above rigidity, implies that the natural homomorphism from Out G (G × E)C to the symmetric group on the conjugacy classes
we see that the image of this last injective homomorphism is trivial for E ∼ S 4 , A 5 and is contained in a group of order 2 for E ∼ C n (n ≥ 6), D 2n (2|n, n ≥ 6). This completes the proof.
Application to the regular inverse Galois problem over Q
We retain the notation of section 4.2. The regular inverse Galois problem over Q amounts to finding Q-rational points on non-reduced Hurwitz spaces [6] . One way to do this is to search for Q-rational points on reduced Hurwitz spaces and, then, try and lift these Q-rational points from reduced to non-reduced Hurwitz spaces. One result of [3] is the following. Let E be the conjugacy class of a nontrivial finite subgroup of PGL 2 (Q) and set
In other words, the most interesting strata on reduced Hurwitz spaces are those corresponding to E ∼ A 5 , S 4 or D 2n , n ≥ 3. But the main problem remains: finding Q-rational points on these strata; except for r = 3, 4 [3, §5] , we currently have no method to do this.
The idea of the method presented here is to reverse this process, that is, starting from a reduced Hurwitz space H G/PGL 2 (C) with a Q-rational point (which does not lift, a priori, to a Q-rational point on H G (C)), send this Q-rational point to a Q-rational point on a reduced Hurwitz space in a stratum H G/PGL 2 (C(E), E) (where C(E) is an inertia canonical invariant to be explicitly defined), with E ∼ A 5 , S 4 , D 2n , n ≥ 3. Now, let Γ ∈ R * + (E) be one of the tuples in table 3 and chooseC ∈ µ
Then the rigidity of Γ forces a certain relative rigidity of C over C. In terms of Hurwitz spaces, this latter rigidity shows that the natural morphism
We thus obtain the following diagram defined over QC: In particular O G/PGL 2 carries a Q-rational ramified point (the one with ramification index 8) above ∞ so O G/PGL 2 is birational to P 1 Q over Q and, hence, H G/PGL 2 (C)(Q) = ∅. However, the G-covers classified by O G/PGL 2 have trivial base invariant [3, §5] so proposition 5.1 cannot be applied to assert that O G (Q) = ∅. But since 3A is a Q-rational conjugacy class, corollary 5.2 can be applied with E ∼ S 4 yields a regular realization of L 2 (25) over Q with inertia canonical invariant 42(3A).
